Abstract-This paper presents a new fundamental approach to modal participation analysis of linear time-invariant systems, leading to new insights and new formulas for modal participation factors. Modal participation factors were introduced over a quarter century ago as a way of measuring the relative participation of modes in states, and of states in modes, for linear time-invariant systems. Participation factors have proved their usefulness in the field of electric power systems and in other applications. However, in the current understanding, it is routinely taken for granted that the measure of participation of modes in states is identical to that for participation of states in modes. Here, a new analysis using averaging over an uncertain set of system initial conditions yields the conclusion that these quantities (participation of modes in states and participation of states in modes) should not be viewed as interchangeable. In fact, it is proposed that a new definition and calculation replace the existing ones for state in mode participation factors, while the previously existing participation factors definition and formula should be retained but viewed only in the sense of mode in state participation factors. Several examples are used to illustrate the issues addressed and the results obtained.
Since their introduction, participation factors have been employed widely in electric power systems and other applications. They have been used for stability analysis, order reduction, sensor and actuator placement, and coherency and clustering studies (e.g., [2] , [3] , [5] , [7] [8] [9] , [12] ). Several researchers have also considered alternate ways of viewing modal participation factors (e.g., [4] , [10] , [11] ).
We study linear time-invariant continuous-time systems (1) where and is a real matrix. We make the blanket assumption that has a set of distinct eigenvalues . The solution of (1) then takes the form of a sum of modal components (2) where the are constant vectors determined by the initial condition and by the right and left eigenvectors of . In their study of modal participation for the system (1), the authors of [7] , [12] selected particular initial conditions and introduced definitions motivated by the calculation of relative state and mode contributions using those initial conditions. In this paper, we take a different approach, building on our previous work [1] , in which definitions of modal participation factors are formulated by averaging relative contributions of modes in states and states in modes over an uncertain set of initial conditions. In this approach, we consider initial conditions to be unknown, and we take the view that performing some sort of average over all possible initial conditions should give a more reliable result than focusing attention on one particular possible initial condition. The uncertainty in initial condition can be taken as set-theoretic (unknown but bounded) or probabilistic. We took the same basic approach in our paper [1] , but later found a subtle error in the calculation in that paper for the case of state-in-mode participation factors. Upon realizing this subtle error, we embarked on the present research, in which we find a previously unnoticed dichotomy in the two basic types of modal participation factors.
It is natural for the reader to ask why the system initial condition should be viewed as an uncertain quantity, given that a system is usually considered to ''start'' at some given initial condition, and even if the initial condition is not known, it is fixed. An answer to this is that real systems are affected by noise, and the noise may be viewed as constantly affecting the system's initial condition at times that may be viewed as new initial time 0018 -9286/$25.00 © 2009 IEEE instants. With this reasoning, calculations of quantities such as participation factors based on using a cloud of initial conditions are likely to be more meaningful than those based on a single, fixed initial condition.
The main contribution of this paper is to reveal this previously unknown dichotomy in modal participation analysis. To wit, although the definitions obtained in [7] , [12] , and which have been in wide use since their introduction, give identical values for measures of participation of modes in states and for participation of states in modes, these are in fact better viewed as fundamentally different, and should be calculated using two distinct formulas. Summarizing, the main contribution of this paper is as follows The paper proceeds as follows. In Section II, the original definitions of modal participation factors are recalled from [7] , [12] . In Section III, basic examples are used to illustrate the need for an approach that yields distinct formulas for measuring the two main types of modal participation: participation of modes in states and participation of states in modes. In Section IV, the approach we introduced to this topic in [1] is recalled and discussed in light of the objectives of the present paper. The discussion makes clear that this approach, based on defining modal participation measures by averaging over an uncertain set of initial conditions, readily yields the original definition for participation of modes in states, but does not easily yield a simple closed-form expression for measuring participation of states in modes. Next, in Section V, a candidate closed-form formula is obtained for modal participation factors that measure the participation of states in modes; this is achieved by careful evaluation of the general averaging formula from Section IV under a simplifying assumption on the initial condition uncertainty. It is important to note that to obtain this simple formula, a specific form is assumed for the uncertainty in the system initial condition; other assumptions on the initial condition uncertainty would not lead to the same formula or any readily useable expression. The derived formula is proposed since it reflects the effect of initial condition uncertainty and can be derived analytically. In Section VI, a mechanical system example is used to illustrate the usefulness of the explicit formula for state in mode participation factors. In Section VII, an additional result is given that relates only to mode in state participation factors. This result expands the initial condition uncertainty assumptions under which the traditional participation factors formula can be shown to accurately measure mode in state participation using the averaging formulation. Concluding remarks and suggestions for future work are collected in Section VIII.
II. ORIGINAL DEFINITIONS OF MODAL PARTICIPATION FACTORS
In this section, the original definitions of modal participation factors are recalled from [7] , [12] . Consider the linear system (1), repeated here for convenience (3) where , and is a real matrix. The authors of [7] , [12] also make the blanket assumption that has distinct eigenvalues . Let be right eigenvectors of the matrix associated with the eigenvalues , respectively. Let denote left (row) eigenvectors of the matrix associated with the eigenvalues , respectively. The right and left eigenvectors are taken to satisfy the normalization [6] ( 4) where is the Kronecker delta
The solution to (3) starting from an initial condition is
Since the eigenvalues of are distinct, is similar to a diagonal matrix. Using this, (5) can be rewritten in the form (6) From (6) , is given by
A. Relative Participation of the th Mode in the th State
To determine the relative participation of the th mode in the th state, the authors of [7] , [12] select an initial condition , the unit vector along the th coordinate axis. As seen next, this choice is convenient in that it results in a simple formula for mode-in-state participation factors. We note that the derived formula for mode-in-state participation factors agrees with that obtained using an uncertain initial condition under general assumptions, as demonstrated in [1] and in Section IV below. With this choice of , the evolution of the th state becomes (8) The quantities (9) are found to be unit-independent, and are taken in [7] , [12] as measures of the relative participation of the th mode in the th state;
is defined in [7] , [12] as the participation factor for the th mode in the th state.
B. Relative Participation of the th State in the th Mode
The relative participation of the th state in the th mode is studied in [7] , [12] by first applying the similarity transformation (10) to system (3), where is the matrix of right eigenvectors of (11) and is the matrix of left eigenvectors of . . .
Then obeys the dynamics (13) where , with initial condition . This implies that the evolution of the new state vector components , is given by
For a real eigenvalue , clearly represents the evolution of the associated mode. If is not real, then the associated mode is sometimes taken to be , but can also be taken as the combination of and its complex conjugate , which reflects the influence of the eigenvalue . In the latter approach, we view and as representing the same ''complex frequency.'' In the past, the former convention was used in most publications. In this paper, we allow both interpretations, but we will find it convenient to use the latter point of view when deriving a new state-in-mode participation factors formula for the case of complex eigenvalues.
In order to determine the relative participation of the th state in the th mode, the authors of [7] , [12] select an initial condition , the right eigenvector associated with . As seen next, this choice is convenient in that it results in a simple formula for state-in-mode participation factors. We will revisit this later using an uncertain initial condition, and obtain a different result. With this choice of initial condition, the evolution of the th mode becomes (15) Based on (15), the authors of [7] , [12] propose the formula (16) as a measure of the relative participation of the th state in the th mode.
Note that (9), (16) provide identical formulas for participation of modes in states and participation of states in modes, respectively. For this reason, the same notation was used for both types of participation factors until now. Before calculating the participation factors measuring the influence of states and in mode 1, 1 we write the evolution of mode 1 explicitly. Using (14), we have (17) Note that the evolution of mode 1 is influenced by both and , with the relative degree of influence depending on the values of the system parameters , and .
III. MOTIVATING EXAMPLES SHOWING INADEQUACY
Calculating the participation factors using the original definition as recalled in the foregoing section, we find the participation factor for state in mode 1 is , while the participation factor for state in mode 1 is . Thus, the original definition of participation factors for state in mode participation indicates that state has much smaller (even zero) influence on mode 1 compared to the influence coming from state , regardless of the values of system parameters , and . This is in stark contradiction to what we observed using the explicit formula (17), and begs for a re-examination of the basic formula for state-in-mode participation factors. The evolution of the modes can be obtained using the diagonalizing transformation as was done in (10)-(13). The system modes are found to be (18) Based on the original definition of participation factors, the participation factor for state in mode 2 is , and the participation factor for state in mode 2 is . Clearly, in general . However, from (18) we have the equation (19) for the second mode , from which we observe that state and state participate equally in mode 2 since depends on the initial condition through the sum . Again, we find that the state-in-mode participation factors as commonly calculated yield conclusions that are very much at odds with what one might consider reasonable based on explicit calculation of the evolution of system modes as they depend on initial conditions of the state variables.
The inadequacy of the original state-in-mode participation factors formula has been demonstrated in the two examples above. This motivates the need for a new formula that better assesses the influence of system states on system modes.
IV. INITIAL CONDITION UNCERTAINTY APPROACH: APPLICATION TO DERIVATION OF MODE-IN-STATE PARTICIPATION FACTORS
For systems operating near equilibrium, it is often reasonable to view the system initial condition as being an uncertain vector in the vicinity of the system equilibrium point. In this paper, and in the authors' previous work [1] , we approach the problem of measuring modal participation by averaging relative contributions over an uncertain set of initial conditions. In this section, we summarize this approach as it applies to the definition and calculation of mode-in-state participation factors. We carry the approach through to its conclusion for this problem, obtaining an explicit formula for mode-in-state participation factors. As mentioned above, the final formula we obtain using this approach agrees in this case with the previously existing expression . However, in the next section, such a happy coincidence will not occur for the more delicate situation of defining and calculating state-in-mode participation factors.
Next, we recall from our previous work [1] a basic definition of relative participation of a mode in a state. This definition involves taking an average over system initial conditions of a measure of the relative influence of a particular system mode on a system state. The initial condition uncertainty can be taken as set-theoretic or probabilistic. In the set-theoretic formulation, the participation factor measuring relative influence of the mode associated with on state can be defined as
whenever this quantity exists (however, see Remark 1 below for another possible definition for the case of complex ).
Here, is the value of at , and "
" is an operator that computes the average of a function over a set (representing the set of possible values of the initial condition ). We assume that the initial condition uncertainty set is symmetric with respect to each of the hyperplanes , . In this work and the original work [7] , [12] participation factors are evaluated through a calculation performed on quantities evaluated at time . However, it may be worthwhile to also consider evaluating participation factors using state or modal contributions over a time interval, rather than solely at the initial time (we also note this in the Conclusions, referring to an observation relating to the example in Section VI).
In the definition in [1] that starts with a probabilistic description of the uncertainty in the initial condition , the average in (20) is replaced by a mathematical expectation. The general formula for the participation factor measuring participation of mode in state becomes (21) where the expectation is evaluated using some assumed joint probability density function for the initial condition uncertainty (of course, this definition applies only when the expectation exists).
Expanding the inner product term in (21), we find (22) The second term in (22) vanishes when the components of the initial condition vector are independent with zero mean [1] . Therefore, under the assumption that the initial condition components are independent with zero mean, the participation of the th mode in the th state is given by the same expression originally introduced by Perez-Arriaga et al. [7] , [12] (23)
This result can also be obtained using the set-theoretic averaging formula (20) [1] .
Remark 1: (Alternate Definition of Mode-in-State Participation Factor for a complex Mode) For a complex eigenvalue , the associated ''mode'' is taken above as the term containing in the system response (2). However, we can alternately view this mode as consisting of the combined contributions from and its complex conjugate eigenvalue . This viewpoint is easily seen to lead, under the same symmetry hypotheses as above, to the following alternate expression for the participation factor of the mode associated with and in state :
V. NEW DEFINITION OF PARTICIPATION FACTORS MEASURING PARTICIPATION OF STATES IN MODES
In this section, a new definition and calculation are given for participation factors measuring contribution of states in modes. The probabilistic approach presented in the previous section is used, where the initial condition is assumed to satisfy a joint probability density function. In order to obtain an explicit formula from the new general definition of state-in-mode participation factors, we find that it is necessary to make an assumption on the probability distribution of the initial condition which is more constraining than what was needed in the analysis above for mode-in-state participation factors. Thus, the explicit formula derived in this section should be viewed in the pragmatic sense that it provides an easy to use expression that reflects initial condition uncertainty. Other assumed forms of uncertainty may not lead to explicit formulas, although a formula requiring numerical evaluation of integrals can always be obtained from the definition. The explicit formula obtained here differs from the single formula (16) that is currently used to measure both state-in-mode participation and mode-in-state participation, while the currently used formula is retained here as a measure of mode-in-state participation (noting that the alternate formula (24) can also be used for the case of a complex mode). This dichotomy represents a significant departure from current practice. We will also use the new formula to revisit the examples of Section III.
Consider the general linear time-invariant continuous-time system given in (3), repeated here for convenience . In this definition, we take the mode associated with a complex eigenvalue as , i.e., the combination of modal components due to the eigenvalue and its conjugate. Had we decided to view the mode associated with a complex eigenvalue as alone, we would use the first expression in the definition below for both the case of a real and a complex eigenvalue. However, the derivation following the basic definition below of a simple final formula would become unwieldy for the complex eigenvalue case.
Definition 1: For a linear time-invariant continuous-time system (25), the participation factor for the th state in the th mode is if is real if is complex (27) whenever this expectation exists.
Note that in (27), the notation means and the asterisk denotes complex conjugation. Also analagous to the approach in Section IV and the original work [7] , [12] , the quantities being evaluated represent the contribution of state to a mode divided by the total mode evaluated at time (however, see the Conclusion abut the possibility of measuring modal participation effects over time). Note also that Definition 1 always yields real-valued participation factors.
Unfortunately, even under an assumption such as symmetry of the initial condition uncertainty, there is no single closedform expression for the state in mode participation factors . To obtain a simple closed-form expression for the state in mode participation factors using (27), we need to find an assumption on the probability density function governing the uncertainty in the initial condition that allows us to explicitly evaluate the integrals inherent in the definition.
In the remainder of this section, we assume that the units of the state variables have been scaled to ensure that the probability density function is such that the components are jointly uniformly distributed over the unit sphere in centered at the origin otherwise
(This is the same as assuming a uniform distribution in an ellipsoid that is centered at the origin and symmetric with respect to the coordinate hyperplanes in the original state variable units, a physically palatable assumption and independent of units by construction.) The constant is chosen to ensure the normalization
The value of the constant can be determined by evaluating the integral in (29) using given in (28) (30) where is the volume of the unit sphere in . The constant is then given by
The following Lemma will be used below. The expression (35) can be further simplified as follows: (36) The first integral on the right of (37) evaluates to , the volume of a unit sphere in , whereas the second integral vanishes (it is improper but the Cauchy principal value is 0). Therefore (37) where is given by (33). This completes the proof. Next, the relative participation of the th state in the th mode is evaluated using Definition 1 under the assumption above on the distribution of the initial condition . Before proceeding, we recall the relationship between and :
(38)
A. Participation in a Mode Associated With a Real Eigenvalue
To determine the participation of the th state in a real mode associated with a real eigenvalue , we substitute in (27) (39) Note that the first term in (39) coincides with , the original participation factors formula. We will find that, in general, the second term in (39) does not vanish. This is true even in case the components representing the initial conditions of the state are assumed to be independent. This is due to the fact that the second term involves the components of (i.e., ) which need not be independent even under the assumption that the are independent, due to the transformation . This was overlooked in [1] , leading to the incorrect conclusion there that the second term in (39) vanishes.
We now use Lemma 1 to simplify the expression (39) for the participation factor for the th state in the th real mode Remark 2: Under the initial condition uncertainty assumption based on which (45) was obtained, the participation factor for the th mode in the th state equals the participation factor for the th state in the th mode (i.e., ) if the left eigenvectors of the system matrix are mutually orthogonal, i.e., This is a very restrictive case (which applies, for instance, when the system matrix, being real, is also symmetric).
Next we derive the following expression equivalent to (45) 
B. Participation in a Mode Associated With a Complex Conjugate pair of Eigenvalues
To determine the participation factor for a state in a complex mode, i.e., a mode associated with a complex conjugate pair of nonreal eigenvalues , , we use the second case of (27) which is the desired form analogous to (45). We observe that if this formula is applied to a simple real eigenvalue , implying that the associated eigenvector can also be taken as real, the formula indeed reduces to the formula (45) that was derived for the case of a real mode. Thus, formula (55) provides a general expression for state-in-mode participation factors for systems without any restriction on the eigenvalues besides that they are distinct.
Next, we obtain another equivalent formula for the for a complex mode, but this time in a form analogous to the expression (46) derived above for the case of real eigenvalues. We use Lemma 1 to simplify the expression (52). Taking and in Lemma 1 and using the normalization , (52) reduces to Remark 3: Although care was taken with respect to selecting units in deriving the formulas for state-in-mode participation factors, the final formulas are not themselves independent of units. The independence with respect to state variable units that occurs in the definitions of mode-in-state participation factors is a fortunate coincidence for certain choices of initial conditions or under certain initial condition symmetry assumptions. However, no such coincidence occurs in the quantification of state-in-mode participation. One way of viewing this is as follows. Units are important, in the sense that they should be chosen so that a unit variation in the initial condition of any state variable has a similar likelihood as a unit variation in the initial condition of any other state variable of the system. That is the spirit of the assumption made above that the distribution of initial conditions of the state vector can be mapped by changes of units to a uniform distribution on a unit sphere in . Next, we revisit Examples 1 and 2 using the newly derived formula for state in mode participation factors, and compare the results to the participation factors obtained using the original definitions. Note that all eigenvalues in these examples are real, so the formula (45) applies as a (new) measure of state-in-mode participation factors (as does the equivalent formula (46) As we observed previously in our discussion of Example 1, the original formula for participation factors erroneously indicates that the participation of state in mode 1 is zero. The coupling between state and state in the system dynamics is not reflected in the original formula for participation factors (the ), whereas this coupling between state variables is reflected in the result of applying the new formula (for the ). The results using the new formula more faithfully reflect the relative contributions of the initial conditions of the two state variables to the evolution of mode 2, which is given explicitly by the formula (57)
Here it is clear that is equally influenced by and since it depends on the initial condition through the sum . 
VI. A NUMERICAL EXAMPLE: A TWO-MASS MECHANICAL SYSTEM
Consider the translational mechanical system depicted in Fig. 1, where and denote the displacements of mass 1 and mass 2, respectively, from the static equilibrium [13] . The system parameters are the masses and , viscous damping coefficients and , and the spring constants and .
A state space representation is obtained by defining the system states as The system dynamics is described by the linear time-invariant differential equation [13] where With the system parameters selected as , , , , , and , the system state dynamics matrix becomes
The eigenvalues of are and . We denote the modes associated with the eigenvalues as and , respectively. The dominant mode is the one associated with the complex conjugate pair of eigenvalues closest to the imaginary axis, i.e.,
. Modes associated with eigenvalues close to the imaginary axis are of considerable interest as they can be used as an indication of closeness to system instability. Therefore, our emphasis in this example will be on . The right (column) eigenvectors of the system matrix associated with and are and (58) (59) respectively, and ; . The magnitudes of the original participation factors evaluated using (23) for this example are given in Table I . The state in mode participation factors evaluated using the new formula (56) are given in Table II .
We observe that the participation factors given in Table I , which are calculated using the original definition of participation factors, differ from the state in mode participation factors in Table II calculated using the new formula. For instance, according to Table I , the state that participates most in mode 1 is , whereas according to Table II . We select the initial conditions in this way (0 in all but one of the state variables) to distinguish the influence of each of the state variables on mode 1. The simulation results are depicted in Fig. 2 , which shows plots of for the various initial conditions. Fig. 2 shows that the initial condition component gives the largest effect on mode 1 at compared to all other state variables. This agrees with what is predicted using the new formula for state in mode participation factors (see Table II ). In other words, mode 1 can be excited by an initial condition on any of the state variables, however, the highest excitation at comes from and the least excitation comes from . The state in mode participation factors calculated based on the new formula derived in this paper can be used to determine the relative degrees by which system states excite a particular mode in the system. This can be useful in stability monitoring applications. For example, in stressed electric power systems, typically there is one critical mode that needs to be monitored. If the system is operating exactly at an equilibrium point and not influenced by disturbances, this mode cannot be observed in the outputs of the system. In order to monitor the critical mode and detect closeness to instability, a small perturbation signal is applied to the system and the response is measured. The state in mode participation factors can help in selecting a location for applying the perturbation signal in order to achieve the highest excitation in the critical mode to achieve the clearest possible indication on how close the system is to instability.
VII. FURTHER REMARK ON MODE IN STATE PARTICIPATION FACTORS
In this section, an additional result is given that relates only to mode in state participation factors. The result is that, in the averaging formulation, an additional possible initial condition uncertainty assumption is found to also lead to the traditional participation factors formula for mode in state participation factors.
In Section IV, we showed that when the components of the initial condition vector , are independent random variables with zero mean, the participation of mode in state is given by (60) In this section, we show that this expression remains valid if the components of the initial condition , , , are assumed to be jointly uniformly distributed over the unit sphere in (see (28) for the expression of the probability density function in this case). Note that under this assumption, the random variables are no longer independent. Consider the general expression (22) for the mode in state participation factor , repeated here for convenience
A typical term in the summation on the right side of (61) 
We can therefore conclude that (65) is a valid formula for mode in state participation factors under any of the following assumptions on the initial conditions:
1) The initial condition is taken to lie in an uncertainty set which is symmetric with respect to each of the hyperplanes , .
2) The initial condition components are independent random variables with marginal density functions which are symmetric with respect to , 3) The initial condition components, , , are jointly uniformly distributed over a sphere centered at the origin.
VIII. CONCLUSION
We have presented a new fundamental approach to quantifying the participation of states in modes for linear time-invariant systems. We have proposed that a new definition and formula replace the commonly used participation factors formula for measuring participation of states in modes, while recommending the previously used participation factors formula be retained as a quantification of participation of modes in states. The analysis presented in this paper uses averaging over an uncertain set of system initial conditions. The analysis led to the conclusion that participation of modes in states and participation of states in modes should not be viewed as equivalent or interchangeable. Examples were given to demonstrate that the original formula for participation factors is not convincing as a measure of state in mode participation. Moreover, these examples demonstrated the applicability and usefulness of the new formula for state in mode participation factors.
It is interesting that while the problem addressed in this paper relates to a very simple and well studied class of systems, considerable effort was required to revisit what may seem to be a basic issue, namely modal participation. Indeed, it appears that work is needed on further related matters, such as implications of the results for sensor and actuator placement, for system monitoring to detect impending instability, for order reduction, and possibly for coherency studies of power networks, among other issues. Also, from the results in Fig. 2 for the mechanical example, the relative sizes of modal participations at the initial time instant might differ from those over a time interval. For some applications, it may be desirable to have analytical measures of modal participation that quantify modal participation over time.
